In this paper, we first give a method to construct large sets of resolvable Mendelsohn triple systems of order q +2, where q =6t +1 is a prime power. Then, using a computer, we find solutions for t ∈ T ={35, 38, 46, 47, 48, 51, 56, 60}. Furthermore, by a method we introduced, large sets of resolvable directed triple systems with the same orders are obtained too. Finally, by the tripling construction and product construction for LRMTSs and LRDTSs, and by new results for LR-designs, we obtain the existence of an LRMTS(v) and an LRDTS(v) for all v of the form
Introduction
Let X be a v-set. In what follows, an ordered pair of X is always an ordered pair (x, y), where x = y ∈ X. A cyclic triple on X is a set of three ordered pairs (x, y), (y, z) and (z, x) of X, which is denoted by x, y, z or y, z, x or z, x, y . A transitive triple on X is a set of three ordered pairs (x, y), (y, z) and (x, z) of X, which is denoted by (x, y, z).
A Mendelsohn (resp. directed) triple system of order v, denoted by MTS(v) (resp. DTS(v)), is a pair (X, B) where B is a collection of cyclic (resp. transitive) triples on X, called blocks, such that each ordered pair of X occurs in exactly one block of B. An MTS(v) (resp. DTS(v)) is called resolvable and is denoted by RMTS(v) (resp. RDTS(v)) if its blocks can be partitioned into subsets (called parallel classes), each containing every element of X exactly once. A large set of Mendelsohn (resp. directed) triple systems of order v, denoted by LMTS(v) (resp. LDTS(v)), is a collection of (v − 2) MTS(v)s (resp. 3(v − 2)DTS(v)s) based on X such that every cyclic (resp. transitive) triple from X occurs as a block in exactly one of the (v − 2)MTS(v)s (resp. 3(v − 2)DTS(v)s). Existence results for LMTSs, LDTSs, RMTS's and RDTS's are well known from [1, 10, 11] . A large set of disjoint RMTS(v)s (resp. RDTS(v)s) is denoted by LRMTS(v) (resp. LRDTS(v)). The existence of LRMTS(v)s and LRDTS(v)s has been investigated by Kang [8] , Kang and Lei [12] , Kang and Tian [13] , Xu and Kang [18] , Chang [2] , Zhou and Chang [21, 22] and Kang and Xu [14] . By their research and related results about large sets of Kirkman triple systems [3] [4] [5] [6] 15, 19, 20] , we can list the known conclusions as follows. Also, if there exists an LRMTS(v) (resp. LRDTS(v)) then there exists an LRMTS((2 · s k + 1)v) (resp. LRDTS((2 · s k + 1)v)) for any k 0, s = 7, 13 and v ≡ 0, 3, 9 mod 12.
Lemma 1. (1) An LMTS(v) exists if and only if
In this paper, we will do further study for LRMTS(q + 2) and LRDTS(q + 2), where q = 6t + 1 is a prime power.
Construction method
The fundamental structure of the LRMTS(q +2)s and LRDTS(q +2)s given in this paper is similar to the LMTS(q + 2)s and LDTS(q +2)s in [9, 17] , where q =6t +1 is a prime power. Let g be a primitive element of the finite field F q , and the point set be X=F q ∪{A, B}. From [9] , we know that an LMTS(q +2) on X contains q disjoint MTS(q +2)=(X, B i ), where B i = B 0 + i, i ∈ F q . Also, B 0 consists of the following parts: * -triples : A, B, 0 , B, A, 0 ,
Each part contains 2, q − 1, q − 1, q − 1 and (q − 1)(q − 5)/3 cyclic triples, respectively. An MTS(q + 2) consists of (q + 2)(q + 1)/3 triples. For an RMTS(q + 2), these triples can be partitioned into q + 1 parallel classes, each of which contains (q + 2)/3 triples. Obviously, it is enough to partition B 0 into parallel classes.
Any element in F * q = F q \{0} can be denoted by g , where 
Let b − a = and c − a = . Then, the g-triple corresponds to three couples , , − , − and − , − . Denote the g-triple orbit {{g k , g k+ , g k+ } : k ∈ Z q−1 } by the trio { , , − , − , − , − } or any one of the couples , , − , − , − , − for brevity. In general, three couples in a trio are different, therefore the corresponding orbit (called a normal orbit) contains q − 1 distinct unordered triples. But, when = 2 , i.e., = (q − 1)/3 and = 2(q − 1)/3, the couples in { , , − , − , − , − } are the same, which corresponds to a short orbit with (q − 1)/3 distinct unordered triples only. Note that an unordered triple corresponds to two cyclic triples. It is easy to see that all (q − 5)/2 couples form one short orbit and (q − 7)/6 = t − 1 normal orbits. Each normal orbit , contains the following 6t cyclic triples, where g 3t = −1:
The short orbit 2t, 4t contains 2t cyclic triples: g k , g k+2t , g k+4t , 0 k 2t − 1, which form a partition of F * q . In addition, denote the element g a in F * q by its index a in Z q−1 , and denote the 0 in F q by * . Then, the blocks 
A, B, * one * -triple, i, 2t + i, 4t + i , i ∈ Z 2t 2t g-triples (take the short orbit),
A 0 :
Such arrangement is feasible, at least for some orders. We list one example. Note that A + k = A, B + k = B, * + k = * in an index-block.
Selection of starter parallel class
The key for constructing an LRMTS(q + 2) of the form given in the last section is to select a starter parallel class A 0 :
where j ∈ Z * q−1 , 1 i t − 1 and the t − 1 i , i are just all normal orbits. In this selection, the indexes of all elements except A, B and * are
where 1 i t − 1. If our selection makes them pairwise distinct, i.e., they form just Z q−1 , then A 0 is a starter parallel class. Let x = min{x, x} for x ∈ Z q−1 , then the condition of this selection is
where the addition is modulo q − 1 and j and j are the two remainders. The condition can be simplified as follows.
To choose t − 1 numbers a i from Z * m such that
where the addition is modulo m and j is the remainder. Let us return to the example in the last section. Example 1. Taking a 1 = 2, a 2 = 11, a 3 = 4, and noting that ind(−2) = 6, then
{ a 3 , a 3 + 3 , a 3 + 3 } = {4, 7, 5}, and their union is Z * 12 \{6, 9}. Thus, j = 9 and A 0 consists of the following cyclic triples:
A, 0, 6 , B, 6, 0 , * , 9, 9 , 2, 3, 10 , 2, 3, 10 , 11, 1, 8 , 11, 1, 8 , 4, 7, 5 , 4, 7, 5 . This is just the construction in the last section.
Solutions for eight unknown orders
By the method given in the last section, using a computer, we find solutions for all orders v = q + 2 where prime power q ≡ 1 (mod 6) and q < 400 except q = 343, 373, 379, 397. In this section, we list relevant information for eight unknown (up to now) orders among them. For brevity, for each order v = q + 2 = 6t + 3, we list only t, q (prime power), g (primitive element), { i , i : 1 i t − 1} (normal orbits), 2t, 4t (short orbit) and our selection a i ,
normal orbits: 
Lemma 3.
There exists an LRMTS(q + 2) for q ∈ {211, 229, 277, 283, 289, 307, 337, 361}.
LRMTS(v) −→ LRDTS(v)
In [13] , we give a method to construct an LDTS(v) from a known LMTS(v). For a given cyclic triple a, b, c , call the transitive triple (a, b, c) or (b, c, a) or (c, a, b) a cyclic shift of a, Obviously, BIG(v, A) is a cubic graph with an even number of vertices, since both |A| and |A| are even.
Lemma 4. If the BIG(v, A) of an MTS(v) is 3-edge-colorable, then there exist three cyclic shifts of this MTS(v).
Construction. Our method consists of the following three steps.
Step 1: Since BIG(v, A) is a 3-edge-colorable cubic graph, its edges can be partitioned into three families G 1 , G 2 , G 3 such that any two adjacent edges belong to different families. In fact, every G i is a one-factor of BIG(v, A). Also, G 1 , G 2 and G 3 form a one-factorization of BIG(v, A).
Step 2: For any edge {a, b} ∈ G j joining two cyclic triples a, b, x and b, a, y , put two transitive triples (b, x, a)  and (a, y, b) into B j , where 1 j 3.
Step 3: For each sub-MTS (3) on a subset {x, y, z}, put (x, y, z), (z, y, x) into B 1 , put (y, z, x) , (x, z, y) into B 2 , and put (z, x, y), (y, x, z) into B 3 .
Then (X, B 1 ), (X, B 2 ) and (X, B 3 ) form three cyclic shifts of this MTS(v). on a v-set V. For any vertex a, b, c ∈ BIG(v, A) , ∃x, y, z ∈ V such that three vertices b, a, x , c, b, y and a, c, z are all connected to a, b, c . Without loss of generality, let the three edges  {a, b}, {b, c}, {c, a} belong to G 1 , G 2 and G 3 , respectively. From Step 2, we get (b, c, a), (a, x, b) ∈ B 1 ; (c, a, b) , (b, y, c) ∈ B 2 ; (a, b, c), (c, z, a) ∈ B 3 . Then we have the following two conclusions.
Proof. Let this MTS(v) be
( * ) Two vertices (cyclic triples) connected with an edge in BIG(v, A) induce two transitive triples. Two transitive triples and two cyclic triples cover the same six ordered pairs.
( * * ) Every vertex (cyclic triple) induces three transitive triples. They are just the three cyclic shifts of the cyclic triple. They belong to B 1 , B 2 and B 3 , respectively.
We know that every G i is a one-factor of BIG(v, A), so all vertices contained in G i just cover all vertices of BIG(v, A).
Similarly, for Step3. To sum up, the conclusion holds.
Furthermore, for convenience, call a 2-factor of a graph even, if it consists of cycles with even sizes. It is not difficult to show that If all small sets of an LMTS can be obtained from a few base small sets, then the task of constructing LDTS from LMTS needs to be done only for these base small sets. For 
Lemma 7.
There exists an LRDTS(q + 2) for q ∈ {211, 229, 277, 283, 289, 307, 337, 361}. For an idempotent quasigroup (X, •) and for each ordered pair (i, j ), i = j ∈ {0, 1, 2}, define a collection of transitive triples from X × {i, j } as follows: Lei [16] and Ji and Lei [7] obtained some existence results for LR(v).
New infinite classes
T (i, j) = x =y∈X t (x, y, x • y) where t (x, y, x • y) = {((x, i), (y, i), (x • y, j )), ((x, i), (x • y, j ), (y, i)), ((x • y, j ), (x, i), (y, i))}.
Lemma 9.
There exists an LR(v) for v = 3 n , 2 · 13 n + 1 and 2 · 7 n + 1, where n 1.
Recently, using these auxiliary designs and their existence, Chang et al. proved the following conclusions, in [2, 21, 22] .
Lemma 10. If there exist both a TRIQ(v) and an LRMTS(v), then there exists an LRMTS(3v).

Lemma 11. If there exist both a DTRIQ(v) and an LRDTS(v), then there exists an LRDTS(3v).
Lemma 12.
If there exist an LRMTS(u) (resp. LRDTS(u)), a TRIQ(u) (resp. DTRIQ(u)) and an LR(v), then there exists an LRMTS(uv) (resp. LRDTS(uv)). Proof. By Lemmas 3 and 7, there exist LRMTS(6t +3) and LRDTS(6t +3) for the listed eight values of t. Furthermore, by Lemmas 8−12, these new orders can be extended to infinite classes. Note that these new orders are all odd, and 2 · 7 m + 1 = 2 · 13 n + 1 = 3 when m = n = 0.
Finally, we point out that the existence of an LRMTS(348) and an LRMTS(396) has been proved after [14] ; these are listed in the Appendix. By Lemma 7 in [14] , for each prime power q = 6t + 5 and each even integer t 4, if there exists an LRMTS(2q + 2) gotten by our method then there exists an LRDTS(2q + 2) too. Since 348 = 12 × 28 + 12 and 396 = 12 × 32 + 12, there exist an LRDTS(348) and an LRDTS(396). By the updated existence results for LRMTS(v)s and LRDTS(v)s, after [14] and this paper, the number of known (resp. unknown) orders for v < 1000 is 110 (resp. 222). However, before this paper and [14] , the two numbers were 69 and 263, respectively. For v < 100, the unknown orders are 30, 42, 54, 57, 78, 87, 90 and 93.
